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Bricks of low elastic modulus are occasionally used in some developing countries, such as Indonesia and India. Most of the previous
research efforts focused on masonry structures built with bricks of considerably high elastic modulus.The objective of this study is
to quantify the equivalent elastic modulus of lower-stiffnessmasonry structures, when themortar has a highermodulus of elasticity
than the bricks, by employing finite element (FE) simulations and adopting the homogenization technique.The reported numerical
simulations adopted the two-dimensional representative volume elements (RVEs) using quadrilateral elements with four nodes.
The equivalent elastic moduli of composite elements with various bricks and mortar were quantified. The numerically estimated
equivalent elastic moduli from the FE simulations were verified using previously established test data. Hence, a new simplified
formula for the calculation of the equivalent modulus of elasticity of such masonry structures is proposed in the present study.
1. Introduction
Brick masonry (BM) is a building construction method in
which a two-phase composite material is formed of regularly
distributed brick and mortar [1]. Usually, the bricks show
higher values for compressive strength and stiffness than
the mortar. However, the opposite is true in some of the
developing countries. For example, themechanical properties
of bricks in some areas of Indonesia show significantly lower
values than those of mortar because construction materials
are sometimes manufactured in family-run industries [2]. In
spite of the use of low-quality bricks, the design code for
masonry structures in Indonesia (SNI-2094-2000) is based
on the design code of other countries, namely, the DIN 105
standard of Germany and the ASTM C 67-94 standard of the
USA.
Hence, most investigations are focused on bricks showing
higher strength and when compared to the mortar used in
masonry structures. However, as mentioned above, this is
not always the case ([2, 3]) in some developing countries. It
was reported in [2] that bricks in Payakumbuh, located in
the West Sumatera Province of Indonesia, had a significantly
low compressive strength of 2.9MPa on an average. Similarly,
Putri [4] reported a brick strength of 2.5MPa in Padang city.
Elhusna et al. [5] observed that the compressive strength of
bricks in Bengkulu Province was within the range of 2.4–
6.7MPa. Wisnumurti et al. [6] investigated the strength of
bricks from four different areas in East Java. According to
their investigations, the compressive strength was within the
range of 0.55–0.9MPa, and the modulus of elasticity of the
low-quality bricks was within the range of 279–571MPa.
In addition, Basoenondo [7] reported that the compressive
strength and the modulus of elasticity of bricks in the West
Java Province were 0.5–2.87MPa and 220–540MPa, respec-
tively. It is noteworthy that the test was based on the Ameri-
can standard ASTM E-111 owing to the lack of an Indonesian
standard for the evaluation of the elastic modulus of bricks.
General-purpose bricks in western countries have higher
strength and stiffness than mortar, as discussed by [3]. They
reported that bricks in India have a relatively lower strength
(3–20MPa) and elastic modulus (300–15000MPa). Similarly
[7], Indonesian bricks have lower strength and stiffness.
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The general theory is based on the assumption that
mechanical properties of brick elements are higher than those
of mortar (Paulay and Priestly [8]). In most cases, the ideal
elasticity used in the design refers to formulae specified in
overseas regulation. These assumptions may result in inap-
propriate design for the construction of masonry structures
using Indonesian bricks.
Finite element (FE) simulations are often used to analyze
and design such masonry structural systems. The challenges
in numericalmodeling of the behavior of large-scalemasonry
systems have led to the development of techniques such as
homogenization [22]. Lourenc¸o et al. [22] reviewed the recent
trends in homogenization techniques. They discussed differ-
ent homogenization techniques available in published litera-
ture, and special attention was paid to the micromechanical-
based model and the one based on polynomial expansion of
the microstress field.
The homogenization techniques are based on establishing
constitutive relations in terms of averaged stresses and strains
from the geometry and constitutive relations of the individual
components.The popularity of such techniques has increased
in the masonry community during the last decade ([1, 12, 14,
15, 21–25]).
The techniques ofmasonry homogenization can be classi-
fied into three types: traditional homogenization, numerical
homogenization, and micromechanical and microstructural
models. Pande et al. [14], Hendry [26], and Pietruszczak
and Niu [21] used the traditional homogenization with an
empirical approach to estimate the volume ratio effects on
the physical and the mechanical properties of bricks and
mortar. Equivalent elastic properties were determined for
a brick-mortar system made with equally spaced layers. In
addition, a simplified geometry to represent the complex
geometry of the representative cell was adopted so that a
close-form solution to the homogenization problem would
be possible. This method is suitable for modeling the linear
elastic behavior and for a relatively simple modeling of the
nonlinear behavior of masonry structures.
Anthoine [15], Mistler et al. [19], Pegon and Anthoine
[23], Luciano and Sacco [24], Ma et al. [1], Zucchini and
Lourenc¸o [12], and Anthoine [25] developed the numerical
homogenization theory, which is applicable to FE simula-
tions of masonry wall structures. It is used to apply the
homogenization theory for masonry wall consisting of the
periodic arrangement of unit and mortar as cell. Owing to
the complexity of a masonry basic cell, it is necessary to use
the finite element method to obtain a numerical solution
to problems. This approach is suitable for analyzing the
nonlinear behavior of the complex masonry basic cell by
solving the problem for all possible macroscopic loading
histories.
Luciano and Sacco [24], Ma et al. [1], and Zucchini and
Lourenc¸o [12] proposed a theory based on themicromechan-
ical and macrostructural concepts. Their model contained
representative volume elements and constitutive elements for
all geometries. Although this approach is very useful, its
applications are limited because it is difficult to determine
several parameters in themicromechanical model for macro-
scopic analysis.
Table 1: Moduli of elasticity for homogenization.
Author(s) 𝐸brick (MPa) 𝐸mortar (MPa)
Stefanou et al. [9] 6740 1700
Cluni and Gusella [10] 12500 1200
Cecchi and Di Marco [11] 1000 𝐸mor/𝐸𝑏 < 1
Zucchini and Lourenc¸o [12] 20000 1 < 𝐸𝑏/𝐸mor < 1000
Rekik et al. [13] 10000 0.49
Pande et al. [14] 11000 𝐸𝑏/𝐸mor = 1.1–11
Anthoine [15] 11000 2200
Lee et al. [16] 22000 7400
Gabor et al. [17] 13000 4000
Lourenc¸o [18] 20000 2000
Homogenization typically has two different models,
namely, discrete and continuum models. Mohebkhah et al.
[27] used discrete models for nonlinear static analysis. They
performed simulations using the model for analyzing the
fracture behavior of small laboratory panels and verified the
model with experimental data. Lourenc¸o et al. [28] used
continuummodels to analyzemasonry structures.Themodel
is appropriate for analyzing anisotropic elastic and inelastic
behaviors; it is also suitable for nonlinear static analysis, such
as in case of large-scale masonry walls.
The generalization of the homogenization procedure for
out-of-plane behavior of masonry [29] can be applied to
periodic composite materials. There are two or more units of
masonry, such as stones, bricks, and hollow bricks. Mistler et
al. [19] examined the effect of the elastic properties on a brick
masonry structure.They used the numerical homogenization
technique to confirm the effectiveness of the generalization
of the homogenization procedure. Pegon and Anthoine
[23] developed a homogenization theory for studying the
macroscopic nonlinear behavior of masonry. Lourenc¸o [18]
used a micromechanical model of homogenization for three-
dimensional numerical simulations. The study developed a
representative volume element system using multiparametri-
cal representations of the elastic properties of masonry. It was
observed that typical mortar has a lower elasticity than bricks
in the homogenization process (Table 1).
The purpose of the present study is to numerically
determine the equivalent elastic modulus of a brick masonry
construction, assuming that the elastic modulus of mortar
(𝐸mor) is higher than that of bricks (𝐸𝑏). The analysis in the
present study was based on a numerical simulation using the
homogenization technique.The fundamental model is a two-
dimensional (2D) representative volume element (RVE) for-
mulation.The proposed analytical approach can significantly
contribute to a safer analysis anddesign ofmasonry structural
systems built with low-quality bricks in various developing
countries, such as Indonesia.
2. Approach of the Solution
2.1. Representative Element. The representative volume ele-
ment (RVE) is a typical unit of masonry; it was selected to
represent brick masonry. We considered a masonry wall Ω,
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consisting of a periodic arrangement of masonry units and
mortar joints, as shown in Figure 1. The periodicity allows Ω
to be regarded as the repetition of the RVE [22].
Ma et al. [1] stated that a masonry RVE should include all
the participating materials, constitute the entire structure in
a periodic and continuous distribution, and be the minimum
unit satisfying the first two conditions.
The RVE cell is classified into two types: RVE-1 and RVE-
2. The cell dimensions of these two types of cells are the
same; however, the arrangement of bricks and mortar in the
cells are different. Ma et al. [1] compared both RVEs and
observed that their stress-strain curves under the condition
of vertical compression without applying horizontal restrains
are the same. Figure 1 shows an RVE. It provides a valuable
dividing boundary between the discrete and continuum
models. Equivalent stress-strain relations of the RVE were
homogenized by applying a compatible, distributed displace-
ment loading along the vertical and horizontal directions and
a positive-negative horizontal displacement loading on the
top and bottom of the RVE surfaces [1].
The average stress and strain can be calculated via the
following equations:
𝜎𝑖𝑗 = 1|Ω| ∫Ω 𝜎𝑖𝑗𝑑Ω,
𝜀𝑖𝑗 = 1|Ω| ∫Ω 𝜀𝑖𝑗𝑑Ω,
(1)
whereΩ is volume of the RVE cell.
The elastic parameters of the RVE can be derived from the
simulated stress-strain relation.
2.2. Constitutive Equation. Isotropic, linear elastic materials
were used for both the brick and mortar. The constitutive
stress-strain relations are presented in the following matrix:
{{{{{{{
𝜎𝑥
𝜎𝑦
𝜏𝑥𝑦
}}}}}}}
= 𝐸1 − V2
[[[[
[
1 V 0
V 1 0
0 0 1 − V2
]]]]
]
{{{{{{{
𝜀𝑥
𝜀𝑦
𝛾𝑥𝑦
}}}}}}}
. (2)
Here,𝐸 and V are Young’smodulus and Poisson’s ratio, respec-
tively, which were applied for eachmaterial, individually. Five
independent material properties (𝐸𝑥, 𝐸𝑦, ]𝑥, ]𝑦, and G) are
used to constitute the equation for the isotropic material
under the plane stress condition, which is expressed as
{{{{{{{
𝜎𝑥𝑥
𝜎𝑦𝑦
𝜏𝑥𝑦
}}}}}}}
=
[[[[[[
[
𝐸111 − V12V21
𝐸11V211 − V12V21 0𝐸22V121 − V12V21
𝐸221 − V12V21 00 0 𝐺
]]]]]]
]
{{{{{{{
𝜀𝑥𝑥
𝜀𝑦𝑦
𝛾𝑥𝑦
}}}}}}}
. (3)
The effective properties of the brick masonry structure can
be calculated from (3), and a set of numerical solutions were
derived under certain boundary conditions. The numerical
simulation results were combined using a nonlinear regres-
sion process.
RVE
Homogeneous but anisotropic
RVE
Homogenization
Figure 1: Homogenization of masonry material.
3. Numerical Simulations
3.1. Simulation Model. The physical models of the RVEs
(RVE-1 and RVE-2) used in the present numerical simulation
are shown in Figure 2. Both were used to obtain the differ-
ences in elasticity, Poisson’s ratio, and shear moduli between
the RVE-1 and RVE-2. For each RVE cell, three boundary
conditions (BCs) and a displacement load were applied;
the FE simulation was realized through the FE program
SAP2000-V17. The three BCs will be explained in Section 3.3.
Then, the values of 𝐸, V, and 𝐺 were calculated using (4)–(7).
The elasticity and Poisson’s ratio were used as baseline data,
and various data measurements for elasticity were obtained
from the FE simulation.
Figure 3 shows the quadrilateral (Q4) finite element with
four nodes and eight degrees of freedom (DOF) used to
discretize the problem in the numerical investigation.
The RVE-1 and RVE-2 cells consisted of 3,360 elements,
3,485 nodes, and 6,970 DOF. The brick and the mortar were
discretized individually. The dimensions of the cell were 250× 120 × 65mm, and the assumed thickness of the mortar was
15mm.
Ma et al. [1] also applied both the models and obtained
the same numerical results. The numerical results in the
present study indicated that the RVE was able to represent
the material properties at the unit volume level. Thus, all
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Figure 3: Finite element Q4 used in numerical analysis.
Table 2: Material parameter for brick and mortar.
Material 𝐸𝑥 = 𝐸𝑦(MPa) ]𝑥 = ]𝑦 𝐺 = 𝐸/2(1 + ])(MPa)
Brick 11000 0.2 4580
Mortar 2200 0.25 880
𝐸𝑥, 𝐸𝑦 = Young’s modulus [MPa], 𝐺 = Kirchhoff ’s modulus [MPa], ]𝑥, ]𝑦 =
Poisson’s ratios.
subsequent calculations were performed with the RVE-1
model as the RVE.
3.2. Materials. The material properties for the validation
of the model were obtained from the experimental and
simulation results published by Pegon and Anthoine [23] and
Ma et al. [1] (Table 2). These material properties are used to
ensure applying FE program for the RVE model. Then, the
material properties of mortar have higher and lower elasticity
than the brick which can be used to the simulation.
3.3. Boundary Condition. Ma et al. [1] simulated various BCs.
Three state groups of BCs were applied to the RVE model.
These included the compression-compression stress state,
the compression-tension state, and the compression-tension-
shear stress state. Each group had six BC cases. Ma et al. [1]
stated that the elastic modulus could be obtained from the
abovementioned groups using three BC cases. Figure 4 shows
the three load cases and the boundary displacements that
were used in present study. There were certain displacement
boundary conditions: (1) 𝑢 ̸= 0, V = 0, 𝜀𝑥𝑥 ̸= 0, 𝜀𝑦𝑦 = 0,
and 𝛾𝑥𝑦 = 0 were used for horizontal compression, (2) V ̸= 0,𝑢 = 0, 𝜀𝑦𝑦 ̸= 0, 𝜀𝑥𝑥 = 0, and 𝛾𝑥𝑦 = 0 were used for vertical
compression, and (3) 𝑢 ̸= 0, v = 0, 𝜀𝑥𝑥 = 0, 𝜀𝑦𝑦 = 0, and𝛾𝑥𝑦 ̸= 0 were used for horizontal shear. Α displacement of
approximately 0.05mmwas applied to the nonzero side of the
cell. The zero-displacement side was constrained to achieve
simplicity in calculations and homogenization of the linear
static materials.
3.4. Equivalent Elastic Modulus Calculation. The average
values of stress and strain can be calculated by employing
(1) as well as the FE simulation results. The effective material
parameters of the masonry structure can be estimated as
these for an equivalent, homogeneous orthotropic material
by using (4)–(7) [1]:
V𝑦𝑥 = 𝜎𝑥𝑥
(2)
𝜎𝑦𝑦(2) ,
V𝑥𝑦 = 𝜎𝑦𝑦
(1)
𝜎𝑥𝑥(1) ,
(4)
𝐸𝑥𝑥 = 𝜎𝑥𝑥
(1) (1 − V𝑥𝑦V𝑦𝑥)
𝜀𝑥𝑥(1)
= 𝜎𝑥𝑥(1) 1 − (𝜎𝑥𝑥
(2)/𝜎𝑦𝑦(2)) (𝜎𝑦𝑦(1)/𝜎𝑥𝑥(1))
𝜀𝑥𝑥(1) ,
(5)
𝐸𝑦𝑦 = 𝜎𝑦
(2) (1 − V𝑥V𝑦)
𝜀𝑦(2)
= 𝜎𝑥𝑥(2) 1 − (𝜎𝑥𝑥
(2)/𝜎𝑦𝑦(2)) (𝜎𝑦𝑦(1)/𝜎𝑥𝑥(1))
𝜀𝑦𝑦(2) ,
(6)
𝐺 = 𝜏𝑥𝑦(3)𝛾𝑥𝑦(3) . (7)
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Figure 4: Load cases of imposed boundary displacement: (a) load case 1: horizontal compression; (b) load case 2: vertical compression force;
(c) load case 3: horizontal shear force.
The superscript index (𝑖 = 1, 2) denotes the BC case.
Subsequently, the simulations were performed with a wide
range of elasticity and Poisson’s ratio values. Then, nonlinear
regression was applied to determine the trend line of the
simulation and the basis of the formulation. The formula
can represent the case 𝐸mor > 𝐸𝑏 as well as the case where𝐸mor < 𝐸𝑏.The equivalent elasticmodulus is the average value
of 𝐸𝑥𝑥 and 𝐸𝑦𝑦 in the simulation (see (5) and (6)).
To ensure the accuracy of the results, the validation and
verification were performed by comparing the results with
the numerical and experimental results obtained in other
research works [1, 19, 30]. The simulation results were ana-
lyzed to develop the empirical formula proposed in this work.
4. Results and Discussion
4.1. Equivalent Elastic Modulus. In this study, the elasticity
values of the brick are 1,000MPa, 2,000MPa, 5,000MPa, and
10,000MPa. The elasticity values of mortar are 0.2 to 5 times
the elasticity of the brick. Poisson’s ratio was assumed to be
0.25, where ]𝑥 = ]𝑦. Each of these data was applied to every
load case (RVE-1 and RVE-2).
The elastic modulus of the mortar and brick are the main
input data in the numerical simulation.The ratio of the elastic
modulus of mortar to that of the brick is called the ratio of
mortar (𝑅mor). The value of 𝑅mor changes depending on the
elasticity of both the materials, bricks, andmortar, in the unit
cell.
Additionally, the value of 𝑅mor was also influenced by
the dimensions of the two elements. The Indonesian code
for masonry (SNI 15-2094-2000) regulates the dimensions
of bricks with diverse sizes, which are 65 ± 2 to 80 ± 3mm
in height, 92 ± 2 to 110 ± 2mm in width, and 190 ± 4 to230 ± 5mm in length. Changes in the thickness of either the
brick or mortar 𝑡 affect the value of 𝑅mor. Here, the thickness
of the mortar is set to 𝑡𝑚 ≤ 0.5ℎ𝑏, where ℎ𝑏 is the thickness
of brick. Therefore, by using a mortar thickness of 0.5ℎ𝑏, the
ratio of the volume of the mortar would reach its maximum
value. It could reach up to 47% if volume of mortar divided
by RVE unit when the dimensions of bricks are ℎ𝑏 = 65mm,𝑙𝑏 = 250mm, and 𝑤𝑏 = 110mm.
Thechange in the volume ratio influences the stress-strain
distribution in the unit cell.
Therefore, it will affect the value of Poisson’s ratio and that
of the equivalent elasticity of themasonry structure.Thus, for
the case 𝐸mor > 𝐸𝑏 or 𝑅mor > 1, higher mortar elasticity
increases the equivalent elastic modulus of the masonry
structure.
Figure 5 shows the simulation results and regression
curves between the 𝑅mor and 𝐸𝑚 where 𝐸𝑚 is the equivalent
elastic modulus of the masonry structure. It is remarkable
that the coefficient of correlation is established at a value of
0.9974. The best equation of 𝑅mor is power trend line with
the power value is 0.2798. This value did not change for
various 𝐸𝑏; however, there is only a slight difference in the
elasticity value of the brick. Based on the results, the proposed
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Figure 5: Simulation results of equivalent elastic moduli of brick
masonry.
equations for the equivalent elasticmodulus in the simulation
are presented as follows:
𝐸𝑚 = 𝐸𝑏 (𝑅mor)𝛿+𝜃 , (8)
where 𝑅mor = 𝐸mor/𝐸𝑏.
The superscript 𝛿 denotes the geometric properties of the
cells and 𝜃 is a disparity value from the geometric properties
to the ratio of the elastic modulus of mortar.
The value 𝛿 is given by the following equation:
𝛿 = 0.33 (𝜌mor + V + 𝑡𝑚ℎ𝑏 ) , (9)
where 𝜌mor is the volume ratio of mortar to the area of the
cell, 𝜌mor = 𝑡𝑚(𝑡𝑚 + ℎ𝑏 + 𝑙𝑏)/(𝑡𝑚(𝑡𝑚 + ℎ𝑏 + 𝑙𝑏) + (ℎ𝑏𝑙𝑏)); V is the
average Poisson’s ratio (brick and mortar); V = 0.5(Vmor + V𝑏);𝑡𝑚/ℎ𝑏 is the ratio of the thickness of the mortar to that of the
brick
The disparity value 𝜃 can be calculated as follows:
If 𝑅mor > 1, the following expression can be used:
𝜃 = 0.002 (𝑅2mor + 𝑅mor + 1) . (10)
If 𝑅mor < 1, the following expression can be used:
𝜃 = 0.002(( 1𝑅mor)
2 + 1𝑅mor + 1) . (11)
The simulation results obtained from using this formula are
suitable for cases of ratios from 0.2 to 5.0. Figure 5 shows
simulation results using brick elasticity values of 1, 2, 5, and
10GPa. The result confirms that the elasticity of the masonry
structure increases in accordance with the mortar ratio 𝑅mor.
Figure 5 also shows that the gradient of each curve is different
for each 𝑅mor.
The percentage of change (Poc) was applied to quantify
the changes of gradient in each curve. The Poc is an index of
howmuch a quantity has increased or decreased with respect
to the original amount. Therefore, the Poc can be obtained
from
Poc = 𝐸𝑚 − 𝐸𝑏𝐸𝑏 100%. (12)
Table 4 provides the percentage of change for the curves
in Figure 5, where for any change in 𝑅mor for each 𝐸𝑏, it
remains the same. To obtain the equivalent elastic modulus
of the masonry structure with a different gradient, (13) can
be employed:
𝐸𝑚,(poc) = 𝐸𝑏 (1 + Poc) . (13)
This illustrates that the elasticity of the masonry structure
will increase linearly with an increase in 𝑅mor for each 𝐸𝑏.
Table 5 lists some examples of 𝐸𝑚. The results indicate that
the gradient for each value of 𝐸𝑏 and 𝑅mor is different, but
at the same 𝑅mor, the Poc is the same. This indicates that an
increase in the 𝑅mor value influences the stress distribution of
the elements in the cells and increases the equivalent elastic
modulus of the masonry structure. Conversely, a decrease
in the elasticity of mortar would minimize the equivalent
elastic modulus of the masonry structure. From the above
discussion, we can conclude that it is beneficial to increase
the elasticity of the bricks if the elasticity of mortar is higher
than the elasticity of the bricks.
4.2. Poisson’s Ratio and Shear Modulus. Poisson’s ratio
describes the transverse strain; therefore, it is obviously
related to shear.The shear modulus, usually abbreviated as𝐺,
plays the same role in describing shear as Young’s modulus
does in describing the longitudinal strain. It is defined as 𝐺 =
shear stress/shear strain.
The shear modulus 𝐺 can be calculated in terms of 𝐸 and
V : 𝐺 = 𝐸/2(1 + V). As V ranges from 1/4 to 1/3 for most rocks,
therefore that 𝐺 is approximately calculated as 0.4𝐸.
The average Poisson’s ratio decreased linearly as the𝑅mor value increased. The 𝑡 equivalent Poisson’s ratio can be
expressed as follows.
If 𝑅mor < 1, the following expression can be used:
V𝑚 = V − 0.015 ( 1𝑅mor) . (14)
If 𝑅mor > 1, the following expression can be used:
V𝑚 = V − 0.015𝑅mor. (15)
Poisson’s ratio of themasonry structure decreased by approx-
imately 0.015 times the 𝑅mor value owing to the assumption
that Poisson’s ratio of the brick is smaller than that of mortar.
In present study, the shear modulus was obtained from
the simulation results using (7). The range of the estimated𝐺 was 60–70% of 𝐸𝑚 because of the lower Poisson’s ratio
estimated in the simulation.
The vertical deformation (𝑦 direction) and the lateral
deformation (𝑥 direction) are different owing to Poisson’s
effect. The effect may lead to the increase of the equivalent
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𝐺. Using (14) and (15), the equivalent shear modulus 𝐺 can
be expressed as in
𝐺 = 𝐸𝑚1.3 (1 + V) . (16)
4.3. Verification and Validation. The numerical simulation
results were compared to the results of the simulation
conducted by Wang et al. [20], Ma et al. [1], and Mistler
et al. [19], as given in Table 3. It is evident that the 2D
plane stress analysis results reported by Mistler et al. [19] are
similar to those in the present work. However, 𝐸𝑦, V𝑦, and𝐺 present slight differences because the input data used were
different. It should be noted that the average horizontal elastic
modulus of the masonry structure was greater than that in
the vertical direction. The calculated average value of the
equivalent elasticity agreed very well with the experimental
data obtained by Mistler et al. [19] on the 2D plane stress
and by and Ma et al. [1]. By employing the same input data,
listed in Table 2, the value of 𝐸𝑥 is equal to Mistler’s result
and slightly different from Ma’s result. The differences in the
results value range are 7.5% while the value of Poisson’s ratio
]𝑥 is relatively similar.The value of𝐺 is different and is slightly
increase, because of the diminution of Poisson’s ratio value.
4.4. Formula Comparison. In the previous investigations,
many formulae have been proposed for the determination
of material parameters. These formulae addressed isotropic
materials. Zavalis et al. [30] have cited some formulae
developed by Matysek [1999] (such as (17)), Brooks [1999]
(see (18)), andCiesielski [1999] (see (19)). However, theywere
originally derived to be used in the modeling of masonry
structures. It is noteworthy that the values of elastic moduli
obtained from other researchers are similar to the results
obtained in the numerical simulations reported in the present
study
𝐸𝑚 = 1.25𝜉 + 11.25𝜉 + 𝛽𝐸𝑏, (17)
where 𝜉 is the ratio of the height of bricks to the thickness of
the mortar joints and 𝛽 is the ratio of brick’s elastic modulus
to that of the mortar
1𝐸𝑚 =
0.86𝐸𝑏 +
0.14𝐸mor , (18)
where 𝐸𝑏 and 𝐸mor are the elastic moduli of the bricks and
mortar, respectively,
𝐸𝑖𝑚 = 1.20𝐸
𝑖
𝑏𝐸𝑖mor0.2𝐸𝑖
𝑏
+ 𝐸𝑖mor , (19)
where𝐸𝑖𝑏 and𝐸𝑖mor are themedium elastic moduli of the brick
and mortar in section i, respectively.
The equivalent elasticities (𝐸𝑚) estimated through the
proposed formula were compared to the modulus derived
from the previous formulae, (17)–(19). Figure 6 shows that
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Figure 6: Equivalent elasticity of brick masonry.
these previous formulae underestimate the equivalent elas-
ticity of the masonry structures with low-modulus bricks. It
is noteworthy that the proposed formula is applicable for the
elasticity ratio of 𝑅mor < 1.
Equations (17)–(19) have a Poc behavior similar to that
of the simulation results (Table 4). There same percentage of
change can be observed for any 𝐸𝑏, as presented in Table 6.
However, there are differences for the case of 𝑅mor > 1.
By using (17)–(19), when 𝑅mor = 2, the 𝐸𝑚 value has only
increased by approximately 7.53% to 9.09% and for 𝑅mor = 5,
the 𝐸𝑚 value has increased by approximately 12.6% to 15.38%.
For the case of𝑅mor =2,𝐸𝑚 increased by approximately 19.48–
19.79%, and when 𝑅mor = 5, 𝐸𝑚 increased by approximately
61.68–62.71%.
For 𝑅mor < 1, the Poc presents similar values between
the proposed and the previous formulae, particularly with the
Ciesielsky and Matysek formula; however, there was a slight
difference with respect to the Brooks formula. This indicates
that for the case of 𝑅mor < 1, the proposed formula can be
used as well.
Any increase in the ratio ofmortar increased the elasticity
of masonry. This is consistent with the data obtained by
Drougkas et al. [31] andGumaste et al. [3] who also examined
the 𝐸mor > 𝐸𝑏 case as shown in Table 6.
Table 8 and Figure 7 illustrate the comparison results
of the equivalent elastic moduli based on data obtained by
Gumaste et al. [3] (see Table 7). Table 8 and Figure 7 also
demonstrate a comparison between the equivalent elastic
moduli results derived from the proposed formula to those
derived from the formulae proposed by Gumaste, Brooks,
Matystek, and Ciesielsky.
Results from the Gumaste formula were almost similar
to the simulation; the difference was lower than 1%. On the
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Table 3: Homogenization model result from various researcher.
Model (MPa) 𝐸𝑥 𝐸𝑦 V𝑥 V𝑦 𝐺(0.4𝐸𝑚)
This research
RVE-2 7882 6120 0.1600 0.2046 4520 (2450)
RVE-1 7882 6121 0.1604 0.2044 4441 (2450)
Ma et al. [1] 7899 6274 0.270 0.310 2884
Mistler et al. [19]
3D model 7958 6777 0.164 — 2583
2D Plane Stress 7882 6592 0.159 — 2682
2D generalized plane strain 7971 6811 0.165 — 2584
2D plane strain 8157 6963 0.194 — 2584
Wang et al., [20]
FEM, stack bond [15] 8530 6790 0.196 — 2580
FEM, running bond [15] 8620 6770 0.2 — 2620
Periodic model stack bond 8568 6850 0.191 — 2594
Periodic model stack bond 8574 6809 0.197 — 2620
Periodic model running bond 8574 6809 0.197 — 2620
Multilayer method [14] 8525 6906 0.208 — 2569
Wo-step method [21] 9,187 6,588 0.215 — 2658
Table 4: Percentage of change of simulation.
Percentage of change (Poc)%
𝐸𝑏 (MPa) 𝑅mor0.25 0.5 1 2 3 4
1000 −31.42 −15.98 0 19.62 35.05 61.98
2000 −31.42 −15.98 0 19.62 35.05 61.98
5000 −31.42 −15.98 0 19.62 35.05 61.98
10000 −31.42 −15.98 0 19.62 35.05 61.98
Table 5: Examples of the calculations 𝐸𝑚.
Case 𝑅mor Poc (%) 𝐸𝑏 (MPa) Calculation𝐸𝑚 = 𝐸𝑏 × (1 + Poc%)MPa
𝑅mor > 1
4 61.98
1000
2000
5000
10000
1620
3240
8099
1698
3 35.05
1000
2000
5000
10000
1351
2701
6753
13505
2 19.62
1000
2000
5000
10000
1196
2392
5981
11962
𝑅mor < 1
0.5 −15.98
1000
2000
5000
10000
840
1680
4201
8402
0.25 −31.42
1000
2000
5000
10000
686
1372
3429
6858
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Table 6: Percentage of change of formula comparison.
Percentage of change (Poc) %
Ref. 𝐸𝑏 (MPa) 𝑅mor0.25 0.50 1.00 2.00 3.00 4.00 5.00
Brooks
1000
−29.58 −12.28 0.00 7.53 10.29 11.73 12.61
Ciesielski −33.33 −14.29 0.00 9.09 12.50 14.29 15.38
Matysek −31.86 −13.48 0.00 8.45 11.59 13.24 14.24
Simulation −31.41 −16.00 0.00 19.48 34.85 48.68 61.68
Formulation −33.34 −16.99 0.00 19.79 34.60 48.34 62.71
Brooks
2000
−29.58 −12.28 0.00 7.53 10.29 11.73 12.61
Ciesielski −33.33 −14.29 0.00 9.09 12.50 14.29 15.38
Matysek −31.86 −13.48 0.00 8.45 11.59 13.24 14.24
Simulation −31.43 −15.98 0.00 19.62 35.05 48.94 61.98
Formulation −33.34 −16.99 0.00 19.79 34.60 48.34 62.71
Brooks
5000
−29.58 −12.28 0.00 7.53 10.29 11.73 12.61
Ciesielski −33.33 −14.29 0.00 9.09 12.50 14.29 15.38
Matysek −31.86 −13.48 0.00 8.45 11.59 13.24 14.24
Simulation −31.60 −15.98 0.00 19.62 35.05 48.94 61.98
Formulation −32.23 −16.99 0.00 19.79 34.60 48.34 62.71
Brooks
10000
−29.58 −12.28 0.00 7.53 10.29 11.73 12.61
Ciesielski −33.33 −14.29 0.00 9.09 12.50 14.29 15.38
Matysek −31.86 −13.48 0.00 8.45 11.59 13.24 14.24
Simulation −31.43 −15.98 0.00 19.65 35.05 48.93 61.98
Formulation −33.34 −16.99 0.00 19.79 34.60 48.34 62.71
Table 7: Gumaste data and experiment and numerical results.
Ref.
Data Results
𝐸𝑏
(MPa)
𝐸mor
(MPa) V𝑏 Vmor
ℎ𝑏
(mm)
𝑙𝑏
(mm)
𝑡𝑏
(mm)
𝑡mor
(mm)
𝐸ex
(MPa)
𝐸num
(MPa)
Gumaste et al. [3]
3370 8570 0.15 0.2 75 230 105 12 3317 4005
3370 5450 0.15 0.2 75 230 105 12 3789 3684
3370 7080 0.15 0.2 75 230 105 12 3677 3865
Table 8: Comparison of equivalent elastic moduli based on Gumaste data (𝐸mor > 𝐸𝑏).
𝐸mor/𝐸𝑏 Numeric FormulaGumaste Proposed Brooks Matystek Ciesielsky
1.62 3.68 3.67 3.56 3.58 3.60
2.10 3.87 3.86 3.64 3.67 3.69
2.54 4.01 4.01 3.68 3.72 3.75
other hand, the estimation using the proposed formula was
3–8% higher than the results of Ciesielski, (19), Brooks, (18),
and Matystek, (17). Although numerical values obtained by
Gumaste were very similar to those of the proposed formula,
the experimental research is still required. To compensate
for the lower brick strength in some countries, such as
Indonesia and India, the proposed formula resulting from the
investigation could be employed. The formula is appropriate
for the calculation of the variable elasticity of low-quality
masonry structures. In addition, the proposed formula is
suitable for numerical applications on further large-scale
masonry structures.
5. Conclusions
Most of the design formulae for calculating the equivalent
elasticity of brick masonry structures are applicable only
for the case where 𝐸mor < 𝐸𝑏. The present study was
focused on masonry structures with low-quality bricks; that
is, 𝐸mor > 𝐸𝑏. This paper presented numerical simulations to
derive formulae for the equivalent elasticity of brick masonry
structures. The accuracy of the formulae was discussed
and verified by using experimental secondary data. The
equivalent elasticity obtained using the newly developed
formulae was estimated with high accuracy, resulting in a
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Figure 7: Comparison of equivalent elastic moduli based on
Gumaste data (𝐸mor > 𝐸𝑏).
discrepancy of less than 1% compared to the numerical results
derived by Gumaste.The conclusions of this investigation are
summarized as follows:
(i) Theproposed formula is a new, simplified formula; we
performed finite element (FE) simulations, adopting
the homogenization technique. It can be used to
calculate the equivalent modulus of elasticity of such
brick masonry structures.
(ii) The conventional formula may underestimate the
equivalent elasticity of the masonry structures made
with mortar that has a higher modulus than bricks.
(iii) The proposed formula is applicable in various cal-
culations of the equivalent elasticity of masonry
structures. In particular, the formula can be suitable
for the estimation of the equivalent elasticity of bricks
with low elastic modulus. Furthermore, the proposed
formula can be applied for bricks with high elastic
modulus.
(iv) The equivalent elasticity estimated via the proposed
formula increases in accordance with the increase in
elastic modulus ratio of mortar.
(v) The proposed formula can be employed for masonry
structures in countries that use bricks of low elastic
moduli.
In further studies, it is suggested that the experimental
research be extended, particularly to masonry structures that
are composed of mortar with a higher modulus of elasticity
than that of bricks.
List of Symbols
𝛽: Ratio of brick’s elastic modulus to the
mortar elastic modulus𝛿: Geometric properties of cells
𝐸: Young’s modulus𝐸𝑏: Modulus of elasticity of brick𝐸𝑚: Modulus of elasticity of masonry𝐸mor: Modulus of elasticity of mortar𝐸𝑥: Average modulus of elasticity in 𝑥-direction
calculation𝐸𝑦: Average modulus of elasticity in 𝑦-direction
calculation𝐸𝑥: Modulus of elasticity in 𝑥-direction calculation𝐸𝑦: Modulus of elasticity in 𝑦-direction calculation𝐸𝑖𝑏: Modulus elastic moduli of brick in section 𝑖𝐸𝑖𝑚: Modulus elastic moduli of mortar in section 𝑖𝜀𝑥: Normal strain in 𝑥-direction𝜀𝑦: Normal strain in 𝑦-direction𝜀𝑥𝑥: Average normal strain in 𝑥-direction𝜀𝑦𝑦: Average normal strain in 𝑦-direction𝜀𝑖𝑗: Average strain vector𝜀𝑖𝑗: Strain vector𝐺: Shear modulus𝐺: Average equivalent shear modulus𝛾𝑥𝑦: Normal shear strain𝛾𝑥𝑦: Average normal shear strainℎ𝑏: Thickness of brick𝜉: Ratio of the height of bricks𝑙𝑏: Long of brickΩ: Volume of RVE cell
Poc: Percentage of change𝜌mor: Volume ratio of mortar to the area of the cell𝑅mor: Ratio of mortar𝜎𝑖𝑗: Average stress vector𝜎𝑖𝑗: Stress vector𝜎𝑥: Normal stress in 𝑥-direction𝜎𝑦: Normal stress in 𝑦-direction𝜎𝑥𝑥: Average normal stress in 𝑥-direction𝜎𝑦𝑦: Average normal stress in 𝑦-direction𝜃 : Disparity value from geometric properties𝑡𝑚: Thickness of mortar𝜏𝑥𝑦: Normal shear stress𝜏𝑥𝑦: Average normal shear stress
u: Deformation in 𝑥-direction
V: Deformation in 𝑦-direction
V𝑚: Average of Poisson’s ratio of masonry
V: Average of Poisson’s ratio
]: Poisson ratio
]𝑥: Poisson ratio in 𝑥-direction calculation
]𝑦: Poisson ratio in 𝑦-direction calculation
V𝑥: Average Poisson ratio in 𝑥-direction calculation
V𝑦: Average Poisson ratio in 𝑦-direction calculation𝑤𝑏: Wide of brick.
Additional Points
Research highlights are as follows: (i) a proposed new
formula for calculating the equivalent modulus of elasticity
of masonry structures, built with low-modulus bricks; (ii)
extensive finite element simulations by using representative
volume elements (RVEs); (iii) verification of finite element
Advances in Civil Engineering 11
models by using experimental data; and (iv) quantification
of the elastic properties of lower-stiffness bricks used with
higher stiffness mortar.
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